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Abstract chaotic case. Along the way, we adopt a method of study-
) _ _ ) ) ing chaos in stochastic systems, demonstrating its well-
There is a need to clarify the relationship between tradi- behavedness. We identify a particularly simple class of net-

tional symbolic computation and neural network com-
putation. We suggest that traditional context-free gram-
mars are best understood as a special case of neural net-
work computation; the special case derives its power

works (Stochastic Linear Dynamical Automata or SLDAS)
that provides a convenient domain for studying all three dy-
namical regimes (contractive, edge of chaos, and chaotic)

from the presence of certain kinds of symmetries in the and comparing them.

weight values. We describe a simple class of stochas- .

tic neural networks, Stochastic Linear Dynamical Au- History

tomata (SLDAs), define Lyapunov Exponents for these (Elman 1990; 1991; Pollack 1990) provided promising notes

networks, and show that they exhibit a significant range
of dynamical behaviors—contractive and chaotic, with
context free grammars at the boundary between these

with regard to getting neural networks to learn context-free
languages. (Levy, Melnik, & Pollack 2000; Melnik, Levy, &

regimes. Placing context-free languages in this more Pollack 2000) recognized the role of fractal sets in (Pollack
general context has allowed us, in previous work, to 1_990)’5 proposal and were able to prove convergence for a
make headway on the challenging problem of design- simple case.

ing neural mechanisms that can learn them. (Wiles & Elman 1995; Rodriguez, Wiles, & Elman 1999;

Rodriguez 2001) made headway in understanding how sym-
. bol counting could work in ElIman’s Simple Recurrent Net-
Introduction works (SRNs) and (Rodriguez 2001) found that a linear ap-

Part of the interest in symbol composition lies in the fact Proximation of the’solut|or_1 could be extracted which re-
that it supports recursive symbolic computation. A hope is vealed the network’s counting technique. (Gers & Schmid-
that neural networks can exhibit the power of recursive com- huber 2001) have created a very robust counting unit which
putation, but do so in a way that maintains some of their ¢an learn dependencies of great length. .
advantageous properties, like graceful degradation, learn- SO far, the results only handle linear and quadratic state-
ing, and human-like generalization. There is also a sense 9rowth languages. ~Exponential state growth languages
that in addition to affording these desirable qualities, some (where the number otausal stategShalizi, Shalizi, &
different kind of insight may be offered if recursive neural ~ Crutchfield 2002) grows exponentially with string length;
network symbol processing can be made robustly success-Palindrome languages are an example) are more difficult,
ful. We suggest the following as one aspect of this "differ- but clearly central to interesting applications (e.g. human
ent kind of insight”: symbolic grammars (i.e., Turing Ma-  language).. .
chines) are a special case within the wide gamut of dynami- ~ Meanwhile, (Moore 1996) showed how to recognize
cal (i.e., real-valued, recurrent) computing devices. Context context-free grammars with dynamical recognizers with
free grammars, for example, lie at the boundary between Piecewise linear activation functions. (Tabor 2000) de-
contractive and chaotic systems, which has been associ- Scribed a similar mechanism, pushdown dynamical au-
ated with complex processing in other work (Wolfram 1984; tomata (PDDAs), and suggested that such encodings might
Langton 1992; Moore 1990; Crutchfield 1994; Kaufmann D€ @ reachable state for complex grammar learning. (Tabor
1993). Our prior work (Tabor 2002b) suggested this corre- 2002b) provided evidence for this view by using a variant
spondence by identifying contractive neural networks that ON a classification technique from dynamical systems.th_eory,
generate/recognize finite state languages and edge-of-chaod-Yapunov Exponents (Oseledec 1968; Abarbanel, Gilpin, &
networks that generate/recognize context-free languages. Rotenberg 1996). Lyapunov Exponents measure the average
The present work extends these results by including the €xpansiveness of the points along a trajectory of a dynamical
system. Among discrete, deterministic dynamical systems,
Copyright © 2004, American Association for Artificial Intelli- the maximal Lyapunov Exponent is negative for periodic at-
gence (www.aaai.org). All rights reserved. tractors and positive for chaotic attractors, so the boundary



between the periodic and chaotic regimes is at 0. Under a only finitely many points. If at least one exponent is posi-
proposed extension of the definition to stochastic systems, tive and the system is bounded, then the system is chaotic.
(Tabor 2002b) showed that the maximal exponent was O The case in which the greatest Lyapunov exponent is 0 in
for probabilistic PDDAs. Moreover, the maximal exponents a discrete system is a special case which can yield com-
for SRNs trained (only partially successfully) on stack- and plex behavior (famously for the logistic map at the “edge
gueue-based languages were much closer to 0 than the max-of chaos”—(Crutchfield & Young 1990)).
imal exponents for finite-state languages. To extend (2) to stochastic dynamical systems, we let the
These results suggest (1) it may be possible to design definition of eigenvalues depend not only on the initial con-
learning algorithms that converge on zero-Lyapunov solu- dition, but also on the specific random sequence of inputs,
tions like the PDDAs; (2) neural networks seem to fit the S, that the autonomously functioning network chooses:
picture sketched by (Wolfram 1984; Moore 1990; Lang-
ton 1992), in which the computations of Turing machines OSL(,S) = lim ((th)T(th))i(fl) (3)
lie in a special section of dynamical computation space t—o0
on the border between periodic and chaotic processes (the (Tabor 2002b) hypothesized that the logarithms of the eigen-
so-called "edge of chaos”)—see also (Siegelmann 1999; values of this matrix are essentially independent of the
Griffeath & Moore 1996). _ . choice off and corresponding symbol sequenses
Regarding (1), (Tabor 2003; 2002a) described a learning
r]etwork_called a Fractal Learner which shows, in_ simu_la- A simple case: Stochastic Linear Dynamical
tions, evidence of convergence on certain PDDAs, including Automata (SLDAS)
exponential state growth cases. )
Regarding (2), it must be noted that the results of (Tabor Consider the following class of dynamical automata:
2002b) only provide evidence for part of the proposed pic-

ture. That is, they show neural networks in the contractive M = (H,F,P,%,IM, hy, FR) (4)
and edge of chaos domains. They do not show neural net- R
works in the chaotic domain. whereH = {h e RN : 0 < h; < 1,5 € {1,...,N}},

-,

The present paper introduces a construction, Stochastic 7 = (3, b) is the set ofK linear functions{F; : R —
Linear Dynamical Automata (SLDAs), that helps flesh out p . Fi(f_i) — ;- h 45,0 < h; (FZ-)-(E) < 1i ¢
the picture for one simple class of neural dynamical systems: 1,....K}j € {1,.. .,N}}, P isﬁa partitioniofh’f the
one-dimensional (i.e., one-hidden unit) maps with linear ac- o ndaries of whose compartments are the boundaries of
tivation and gating functions. We (i) sketch a method of e qomains of the’, © = {1,..., K} is the alphabet of
proving that the extended definition of Lyapunov Exponents symbols,I M, the input map, specifies that whris in the

_given in (Tabor Z-O-O-Zb) is well-behaved in the sense of being domain ofF; then a possible next symboldsand the corre-
independent of initial state and the randomness of the pro- ¢ y

cess and (i) show that all three dynamical types (periodic, SPonding next state ig;(h), ho € H is the initial state, and
edge-of-chaos, and chaotic) are present among SLDAs. The 'R € H is the final region. .
results suggest a route to checking the proposed correspon- Here, we focus on a related class of devices
dences between Turing and dynamical computation. .
MP = (H,F,P,%,IM, hy, PD) (5)

Construction : , . _ -

o where there is no final region (so the machine startsyat
Lyapunov Characteristic Exponeni®seledec 1968; Abar- and runs forever) and whe®D : H — F is a probabil-
banel, Gilpin, & Rotenberg 1996) measure the average rate jty function which assigns probabilities to choices when the
of contraction or divergence of trajectories near the attractor map is nondeterministic. We say that the probabilities are

of a dynamical system. Let properly assigned if some function ifi has positive prob-
. . ability at every point inH. We call these stochastic maps
hiyr = f(he) 1) Stochastic Linear Dynamical Automata (SLDAS).

One-dimensional SLDAs can be depicted graphically in
a transparent way. We take languages to be distributions of
strings. Table 1 shows a grammar for generating Language

be a discrete, deterministic dynamical system with
dimensional stateh. The Lyapunov Exponents); for

i = 1,..., N, of the trajectory starting & are the loga- 1, a context free language which is not a finite state lan-
rithms of the eigenvalues of the matrix guage. Figure 1 shows an SLDA for processing Language
B L 1.
OSL(h) = tlif{)lo((th)T(th))ﬁ(h) (2)

Sketch of invariance demonstration for SLDAS

(See http://www.sp.uconn.edu/ ps300vc/papers.html#eocnn
for details.)

whereT denotes transposf),f(ﬁ) is the Jacobian of at/.
For h in a single attractor, the values of the eigenvalues are

essentially independent of the choiceloo we may speak
of the Lyapunov exponents of the attractor. If all the expo-
nents are negative, then the system is a limit cycle and visits ~ Dynamical automata are defined in (Tabor 2000).



-0.0123. In fact, 0 is the maximum Lyapunov exponent that
this system can achieve over all proper assignments of prob-
abilities to transition functions.

Table 1: Grammar 1, which generates Language 1. Paren-
theses denote optional constituents, which occur with proba-
bility 0.5. A slash between two productions means they each
occur with probability 0.5. Generation of a string is accom- Example 2. A finite state contractive mapping. Setting,
plished by expanding S. The grammar generates an infinite

string by repeatedly generating a finite string and appending (7, B) = { /2 0 ] @)

it to its previous output. 1/2 1/2
S — AB/XY where both functions are equally probable forfajlields an
A —a(S) X—x(S) exponent of -log 2 (measured value -0.6931). Note that this
B—b(S) Y—y(S) case generates the same language as the finite state machine

with one state and two equally probable paths from the state
to itself. Note that the maximum Lyapunov exponent over

all assignments of probabilities for this case is negative (=
We would like to know if the Lyapunov exponents which -log 2).g P g (

we measure for SLDAs are a reliable indicator of the dy-

namical status of the SLDAs. To this end, we ask if the Example 3. A chaotic case. Let

values of the Lyapunov exponents are independent of the

choice of initial statef, and its corresponding symbol se- . }?g 1(/)2

quenceS € X*°. We show that there is an invariant proba- (m,b) =1 5" 7 (8)
bility measure on the product spadé,x S°°. This means 2 1

that the case at hand falls under a generalization of (Os-
eledec 1968)'s Mulitplicative Ergodic Theorem to discrete- with P = {[0,1/2),[1/2,1]} and the probability of each
time, stochastic systems (Arnold 1998). This guarantees the contractive map equal té and the probability of each ex-
existence of Lyapunov exponents. We also show that the pansive map equal té on its interval. Then the Lyapunov
invariant measure is unique. Therefore, the Lyapunov expo- exponent is (log 2)/3 (measured value 0.2377). Since this
nents are independent of the initial stattg, for almost all number is greater than 0 and the system is bounded, the au-
choices of initial state (Walters 1986). Note that in the one- tomaton is chaotic. Note that the maximum of the Lyapunov
dimensional case, there is only one Lyapunov exponent for exponent over all assignments of probabilities is positive in
each system, given by this case (= log 2).

1 .
A = limy, 0o —log |my| (6) Conclusions
n

These cases are consistent with the conjecture of (Tabor
2002b) that contractive dynamical automata correspond to
probabilistic finite-state automata while Turing computers
lie on the boundary separating contractive from chaotic dy-
SLDAs as Recurrent Neural Networks (RNNs) namical automatar.y Anpadvan?age of the current framewo);k
An SLDA can be interpreted as a layered neural network. is that the full range of dynamical behaviors is exhibited in
The coefficients of the; correspond to first and second- a very simple class of functions. Desirable and possibly rea-
order weights on connections into the second layer. Figure 2 sonable goals for future work are (i) to fully establish the
shows the neural network version of the SLDA in Figure 1.  correspondences just mentioned for SLDAS, (ii) to probe the
implications of the sensitivity of the Lyapunov exponents to
Various dynamical behaviors observed assignments of probabilities to transition functions, (iii) to

By analogy with the deterministic case, we call an SLDA provide a symbolic characterization of the chaotic cases, and

whose Lyapunov exponent is negativeantractive SLDA (iv) to generally establish the convergence of a learning al-
and an SLDA whose Lyapunov exponent is positive a gorithm along the lines of_ (Tapor 2003). An interesting idea,
chaotic SLDA Some examples show that there exist con- suggested by the foregoing, is that complex cognitive com-

tractive, edge-of-chaos, and chaotic devices within the set of Putation is rare because it depends on the occurrence of rare
1-dimensional SLDAS. symmetries in neural parameter space.

wherem,, is the slope of the function applied on the n'th
iteration.
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Figure 1: Graphical depiction of SLDA1, a one-dimensional Linear Dynamical Automaton that generates Language 1. The

initial state () is 0.5; F1 : [0,1] — [0,4] = $h,Fb : [0,1] — [3,1] = th+ 2, F; : ] — [0,1] = 3h, Fy :
[2,1] = [0,1] =3h—2; P, = [0,3], P> = | = [2,1}; PD; = (0.25,0.25,0.5,0), PD; = (0.5,0.5,0,0), PD3 =
(0.25,0.25,0,0.5). PD; = (p1,...px) Mmeans that irP;, the probability of selecting’; isp;, for1 < j < K.
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Figure 2: Neural network implementation of SLDA 1. The second order connections from the input units to the hidden layer
specify the weight on the hidden unit self-connection. The hidden unit activation function is identity. The output units are
threshold units with thresholds indicated on them. The outputs are binary codes. An additional layer can be added to compute
probabilities as a normalization of the weighted binary codes. The next word is picked by sampling the output distribution.
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